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Abstract

The Adomian decomposition method (ADM) is widely used for solving nonlinear differential
and integral equations by expanding the solution into a series of Adomian polynomials. A
modification of the Adomian polynomial based on the Newton-Raphson formula has been
proposed to improve convergence and accuracy; however, it remains computationally
demanding for higher-order terms. In this paper, we derive a simplified relationship between
the standard Adomian polynomial and the Newton-Raphson-based modified Adomian
polynomial for the nonlinearities of the form (f (u) = u™). It has been shown that the modified
polynomial is a constant multiple of the standard polynomial, which allows direct computation
of the modified polynomials from the standard ones, and confirm the simplification and
demonstrate computational savings for (m = 2) and (m = 3).

Keywords: Adomian decomposition method, Adomian polynomials, Newton-Raphson,
nonlinear operators, series solution.

1.0 Introduction Adomian polynomials for monomial
nonlinearities (f(u) = u™), producing a
The Adomian decomposition method direct multiplicative relationship.
(ADM) is an analytic technique for
obtaining series solutions of nonlinear Many authors have proposed modifications
differential and integral equations. A to ADM to accelerate convergence or
solution u(x) is represented as and the simplify computation: (Adomian & Rach,
nonlinear operator is decomposed into 1996), (Wazwaz, 1999) (Wazwaz, 2001),
Adomian polynomials. Computing these (Duan, 2011), (Xie, 2013), and (Rani &
polynomials for general nonlinearities can Mishra, 2018) among others. Approaches
become laborious as the order increases. include orthogonal-polynomial expansions,
(Rani & Mishra, 2018) proposed a modified restarted schemes, aftertreatment
Adomian polynomial based on the Newton- techniques, and hybrid transforms. The
Raphson correction, which yields improved present work complements these efforts by
approximations but requires additional providing a closed-form multiplicative
computation. This paper derives a theorem relation in t'he spepial but important case of
that links the modified and standard power nonlinearities.
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2.0  Adomian Polynomial (Adomian, 1994):

In the function;

1ar | (.,
Ap = T f 27\ (uy) || a=onzo0
i=0

A,, is the Adomian polynomial for the nonlinear term f(u) = u™

(1)

2.1 Modified Adomian Polynomial (Rani and Mishra, 2018):
In the function
o rar| (. fw) (2)
An =g |f _Z;A LR A=0n20
l=
A,, is the modified Adomian polynomial based on Newton-Raphson formula for the nonlinear
term f(u) = u™

2.2 Theorem 1

Let A, be the Adomian polynomial for the nonlinear term f(u) = u™ and let A, be the
modified Adomian polynomial based on Newton-Raphson formula for the nonlinear term

f(u) =u™ then
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= 1d" [ - i uim
Ap = T f 27\ (ui _W) A=0,n20

1 a| (o mu)™ u; — ;™\ \|
PRI PTOSM o
" onldan , m(u;)m 1 =0m=0

_ 14
A= im

< |
Bl -f( X! (m(”i)m __”im>>] eomzo
ntdan |’ \ L m(u;)™m1 ’
R ORI (EST) | e
o= (Y ()| o

If f(u) =u™,then f(b.y) = (b.y)™ =b™.y™ = b™f(y) where b is a constant.

An = 22 [(2)" (S0 N @))] acomso

.

As required

3.0 Analysis 1

For nonlinear term f(u) = u?
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3.1 Adomian polynomial formula

From (1) section 2.0, we have:

1adr | (.,
Ap = T f 27\ (uy) || a=onzo0
i=0

For n = 0 we have

1d° 2,
Ay = PTG f(z N(W))] A=0
i=0

Ay = (up)?

For n = 1 we have

1 d! o
Ay RETr f(Z(; N(“J)] A=0

1d
A = ﬂﬁ[f(uo + Auy)] =0
A1 = 2u0u1

For n = 2 we have

2
1 d? )
A, = STde f(; N(“J)] A=0

1 d?

A, = EW [f(uo + Auy + Azuz)] A=0

2
Ay = 2N [(ug + Auy + lzuz)(Zuz) + (w + 22u)(uy + 22u,)] a=o

Az == 2u0u2 + ulz
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For n = 3 we have

1 d3 c ;
A3 = gm f z A (ul) A=0
=0
1 d3 2 3
A; = im[f(uo + Aug 4+ 22uy + Buz)] s
1 d3
Az (ug + Auq + Puy + /13113)2 A=0

BEIP7E

2
A3 = 5 [6uOU,3 + 2u1u2 + 2u1u2 + Zuluz]

2
A3 = 5 [6uOU,3 + 6u1u2]

Az = 5 6(upusz + uquy)

As = 2(upuz + U uy)
A3 = 2u0u3 + 2u1u2

The first four terms of the Adomian polynomial formula for the nonlinear term f(u) = u? are

thus expressed as:
Ay = up?

A = 2upuy

Ay, = 2uguy + uy?
Az = 2uguz + 2u u,

3.2 Modified Adomian polynomial based on Newton-Raphson formula

From (2) in section 2.1, we have:
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For n = 1 we have

1
_ 14 i f(u;)
A = Tidd f<z7\ (ui _f'(ui)>>] A=0

i=0

/T—d (u0+/'lu1>
Eaf\T ) o

2
Al = (E) Zuoul

For n = 2 we have

C_ra | (o )
A; = 1 dn2 f(ZK <ui _f,(ui)>>] )\
=0

I 1 d? u0+Au1+7\2u2
2 2!d7\2f 2 2 2 | =0

1.d _[(uy+Adu; +A%uy\ [u; + 22u,
(e ) ez
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_ 1\’ d
A, = (E) ﬁ(uo + Auq + Azuz)(ul + ZAUZ) A=0

N
Ay = (E) [(uo + Auy + P?up) Quz) + (wy + 22u) (uy + 24uz)]a=0

2

_ 1
A, = (E) uou, +uy%)

For n = 3 we have

_ 143 - f )
b= | (Z" <”f‘f'<ui)>>] =

w

14_ _ 1 d3 Ug n /1‘“.1 " )\Zuz n }\3u3
3731’ \ 27 2 2 2 ) M0
-1 a3 (ug + Auy + A%uy + A3ug

A= 30 2 A=0
= 1 d3 Uy + /1u1 + )\Zuz + )\3U3 ’

A= 300 2 A=0

11
A3 = 312 [(uo + Auy + 2%up + Buz)(6us) + (2u, + 64us) (wy + 24u, + 34%u3)
+ (ul + 2/11[2 + 312u3)(2u2 + 6/1u3)

+ (uy + 22uy + 32%u3) (2u, + 64us)]i=o

11
A3 = 55 [6UOU3 + 2u1u2 + 2u1u2 + 2u1u2]

13

2

14_3 = (5) (2u0u3 + 2u1u2)
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The first four terms of the modified Adomian polynomial based on Newton-Raphson formula

for the nonlinear term f(u) = u? are thus expressed as:

_ 1\°
Al = (_> 2u0u1

2

_ 1
A, = (E) Quou, +uy?)

2

_ 1
A3 - (E) (Zuolt3 + ZuluZ)

3.3 Analysis 2
For nonlinear terms f(u) = u3
3.4 Adomian polynomial formula

From (1) in section 2.0, we have:

1 d" -
A, = T f(Z; N(W))] A=0,120
i=

For n = 0 we have

1d° -
Ay = PTG f(Z N(“J)] A=0
i=0

Ay = (uo)3
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For n = 1 we have

1 d L
Aq RETPTE f(Z)\l(ui)>] A=0
i=0

Ay = 3(up + Aug)®u; o
Al = 3u02u1

For n = 2 we have

12| (v,
Ay =7z f 27\ () || a=o
=0
1 d2 ,
A [f (uo + Auy + A%uy)] a0

T 21dx2
3 2 2
Az = E (zuo uz + 2u0u1 )

Az = 3u02u2 + 3u0u12)

For n = 3 we have

1 d3 2,
Az = gﬁ[f (Z N(“t))] A=0
i=0

1 d3

A =306

[f (ug + Auy + 22uy, + 23u3)] 220
3
A3 = 5 [2( u1 + Zluz + BAZU3)(U1 + Zluz + BAZU3)2
+ 2(ug + Auq + A%uy + 23u3)2(uy + 24u, + 32%u3) (2u, + 6Aus)
+ 2(ug + Auq + A%uy + Bug)(uy + 2uy + 32%u3) (2u, + 6Aus)

+ (ug + Auq + 212u, + 23u3)2(6u3)] 320
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3
A3 = 5 [2u13 + 6u0u1u2 + 4u0u1u2 + 6u02u3]

= 5 [6uOZU3 + 12u0u1u2 + 2u13]

3
A3 = g Z(SUOZU3 + 6u0u1u2 + u13)

A3 - 3UOZU3 + 6u0u1u2 + u13

The first four terms of the Adomian polynomial for the nonlinear term f(u) = u3 are thus
expressed as:

AO = u03

Al = 3u02u1

Az = 3u02u2 + 3u0u12

A3 = 3uOZU3 + 6u0u1u2 + u13

3.5 Modified Adomian polynomial based on Newton-Raphson formula
From (2) in section 2.1, we have:

S A AT (D
An = FW f(z}\ <ui _f,(ul)>>] A=0,n=0

=0

For n = 0 we have

C1d [ (o, f(w)
do=gran (ZA< )>>] A=0

i=0
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For n = 1 we have

_ 14t - ; f(w)
A1 = FW f<z7\ (ui _f’(ui)>>] A=0

=0

_ 2ugy + 2uy 2 2u,
A1=3( 3 )(3)“’

— 2u, z 2uq
o3 (3
1 ( 3 3

) 3
Al = (§> 3u02u1

For n = 2 we have

_ 1 d? - i f(uw)
2 =qme| ( A (“i B f'<ui>>>]
=0 A=0

l

1.2\ d 5 g

Az = 5(5) EB(UO + /1u1 + A uz) (ul + ZAuZ) A=0
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A, = _(—) [2(ug + Aug + 22uy)(uy + 24uy)(ug + 22uy)
+ (uo + Auy + 2%u)?(2uz)] a0

3

Y. , )
Az = E (g) (ZuO uz + Zuoul )
_ o 2y®

Az = (g) (3u02u2 + 3u0u12)
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For n = 3 we have

_ 1 d?3 - i fQu)
Az = 3g0e f(_zl <ui _f'(ui)>>] A=0

1=0

2

1 2y?
A3 = _(_) W3(UO + Aul + Azuz + A3u3)2(u1 + Zluz + 3).211,3) A=0

3
A; = i(—) 4 [2(ug + Auy + 22uy + Buz)(uy + 2Au, + 34%u3)?
dA

+ (up + Auqy + 2%u, + 23u3)?2(2u, + 6Aus) iz

_ 32y}
A3 = _<_) [2(ul + 2/1112 + 3/127.1,3)(‘“.1 + Zluz + 3){2113)2

+ 2(ug + Aug + A%u, + Bug)2(uy + 24u, + 32%u3) 2uy + 6Aus)
+ 2(ug + Auq + 2%u, + Bug)(uy + 2Auy + 32%u3) (2u, + 6Aug)

+ (ug + Auy + 212uy + 13u3)%(6u3) 520

_ 32}
A3 = _<_) [2“.13 + 6u0u1u2 + 4u0u1u2 + 6u02u3]

3
/T3 = (_) (BUOZU3 + 6u0u1u2 + u13)

The first four terms of the modified Adomian polynomial based on newton-Raphson formula

for the nonlinear term f(u) = u? are thus expressed as:

3

Ay = (;) (3ug*uy)

3
14_2 = (§) (3u02u2 +3u0u12)
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3

_ 2
A3 = (g) (3uOZU3 + 6u0u1u2 + u13)

4.0  Using Theorem 1

For Analysis 1: When m = 2

[Theorem 1]

2

_ 12— 1y? 1
A3 - (T) A3 = (E) 2u0u3 + 2u1u2

For Analysis 2: when m = 3

involved finding the Adomian polynomials

_ 3-1)\° 2%

A=(57) 4 =(3) =

_ 3-1y\° 2\3

A3 = (T) A3 = (g) (3u02u3 + 6u0u1u2 + u13)
4.0 Discussion

We have shown how the Adomian

polynomial formula is used to represent the
nonlinear terms when solving a differential
equation or integral equation. Recently, a
modification of the Adomian polynomial
formula, called the modified Adomian
polynomial based on Newton-Raphson
formula was introduced by Dimple Rani
and Vinod Mishra. Our proposed simplified
relationship  between the Adomian
polynomial formula and the modified
Adomian polynomial based on Newton-
Raphson formula has shown that we
circumvent the tedious computational work
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using the modified Adomian polynomial
based on Newton-Raphson formula.

5.0  Conclusion

We derived and proved a simple
multiplicative relationship between
standard and Newton-Raphson-modified
Adomian polynomials for monomial
nonlinearities. The result simplifies

computation and facilitates the use of
Newton-Raphson corrections within ADM
by avoiding repeated symbolic
differentiation of modified arguments.
Future work includes extending this



approach to polynomial nonlinearities (by
linearity) and investigating whether
analogous simplifications exist for other
classes of nonlinear functions or for
operator-valued nonlinearities.

Conflict of Interest

The authors declare that no conflict of
interest exist between them that might
influence the work described in this
manuscript.

References

Adomian, G. (1994). Solving Frontier
Problems of Physics: The Decomposition
Method, Kluwer, Boston, MA.

Adomian, G. & Rach, R. (1996). Modified
Adomian Polynomials, Mathl. Comput.
Modelling,

24(11), 39 — 46.

Duan, J. S. (2011). New recurrence
algorithms for the nonclassic Adomian
polynomials,

Computers and Mathematics with
Applications, 62,2961 —2977.

238

Rani, D. & Mishra, V. (2018). Modification
of Laplace Adomian decomposition
method for
solving nonlinear Volterra integral
and integro-differential equations based on
Newton
Raphson  formula,  European
Journal of Pure and Applied
Mathematics, 11(1), 202 —214.

Wazwaz, A. M. (1999). A reliable
modification of Adomian decomposition
method, Applied
Mathematics
102,77 — 86.

and Computation,

Wazwaz, A. M. & El-Sayed, S. M. (2001).
A new modification of the Adomian
decomposition

method for linear and nonlinear
operators, Appl. Math. Comput. 122, 393 —
405.

Xie, L. J. (2013). A New Modification of
Adomian Decomposition Method for
Volterra Integral

Equations of the Second Kind,
Journal of Applied Mathematics, Article ID
795015, 7

pages.



