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Abstract

This research concerns the derivation of seven —step non-hybrid block scheme of order nine (9)

with error constants

26 %x107% —22%x107%, —50x107%, —78%x 107", —11x 10", —15x 107", 1.0 x
10—05

for solution of stiff ordinary differential equation. The method is derived through collocation and
interpolation techniques. The constructed method is applied to solve two stiff first order initial
value problem of ordinary differential equation. The numerical examples considered have shown

that the new developed method gave better accuracy than some existing methods.
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1.0 Introduction

A stiff ordinary differential equation
(ODE) problem in numerical analysis
isone where the solution being sought
varies slowly, but nearby solutions vary
rapidly, requiring small step sizes for
accurate numerical methods. (Akinfenwa
et al. 2013), (lbijola et al 2011),
(Kumleng et al. 2013), are some of the
authors who engaged in the construction
of hybrid block methods for the solution
of stiff IVPs. In a similar approach, a
block multistep method from second
derivative continuous multistep scheme
with Chebyshev points as collocation
points for solving stiff IVPs was
developed by (Ehigie et al, 2014). The
method was investigated to  be
convergent and A(a)-stable, therefore, the
L(a)-stability of the method was
established. Hence, the method is stiffly
stable. The implementation of the
method on some stiff problem showed
better accuracy than other methods.
Moreover (Chollom, et al, 2014)
constructed a high order block implicit
multistep methods. Indeed, the method
is of high order and has been established
to be A-stable. Result of problems using
the new method was compared with
result obtained from other existing
methods. According to Anake (Lambert,

1973), hybrid method is not a method in
its own right since special predictors were
required to estimate the solution at the
off-step point and the derivative function
as well. A Continuous Two Step
Trigonometrically-Fitted Second Order
Method (TSTSOM) is used to solve an
oscillatory second order problem of
ordinary differential equations. According
to Awoyemi (1992), continuous linear
multistep methods have  greater
advantages over the discrete methods
in that they give better error estimates,
provide a simplified form of
coefficients for further analytical work at
different points and guarantee easy
approximation of solutions at all interior
points of the integration interval. Some
others like Watts and Shampine (1972)
proposed block implicit one step method,
while Voss and Abbas (1997) worked with
block predictor - corrector schemes. Gupta
(1978) implemented second derivative
linear multistep methods using the
polynomial formulation. This was achieved
by extending the idea of polynomial
representation of the multi-step methods to
second derivative. The new method was
implemented using a predictor —corrector
mode hence not self-starting thus capable
of affecting the accuracy of the methods.

2.0 Derivation of seven-Step Non-Hybrid Block Method BDF

The approximate solution by a power series polynomial of the form.

y(x) =ay+ax+ 4+ ax? =

4 e d
j—nﬂ;x

(1)

With first derivative given as
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With second derivative given as
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Where p =1+ s—1 and a'sare real unknown parameters to be determined. In this
method we interpolate (1) at points x,.; j=0,1,2,3,45 and collocate (2) at the point
x,+;, j = 7 and the continuous non-hybrid linear multistep method (CNHLMM) reduces to,
vix) = ag(x)y, +a,(x)y,., +

s [ij;;+: + a; (x:]}’;-ﬁa + EI4(Ij}F,=+4 +

az () ¥, es + ag(x)v,ee + h[B(x)f, +

1'91[3'5)f;-:+1 + B, (xjf::ﬁi + B, (xjf::ﬁli +

Ba(x) frsa + Bs(x) froas + Be(x) frise +

ﬁ?[xjfuw] + h? [}’D (x]g” TV (x]g:-z+1 +

Vo () Gpsn + ¥a () sz +¥a () gnss +

¥s (x)ﬂ;ﬁs + ¥ (x)ﬂ';ﬁe +

¥z [:xjﬂ;-;+?] (4)

And the D matrix becomes
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Using Maple 18 software gives the columns of D' which are the elements of matrix that
generate the values of continuous coefficient:

Qg Oy, @y, A3, @y, O, A, B, fr7, ¥ and y;

(5)

Where the continuous coefficients (5) of the method are given as:
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Evaluating 4) at the following points
Xy + Xpt1r Xpgo +xn+3 + Xnta +

Xnes and Xpt7

to obtain the following seven discrete method which are used as integrator.
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Equation (6)-(12) constitute the members of a zero-stable block integrator of order
[9,9,9,9,9,9,9]" with error constant

-

[ 2043019289 02694037 18735331 4571407 10247311 233004753 245 ]
7 l111515718160° 4138400420 3742241307 50940780 ° 04728480 1710072980 23872871

3.0 Convergence Analysis of seven-Step The zero stability of the new methods are
Non-Hybrid Block Method BDF determined using the approach of Ehigie et

12



al. (2014) in which he expressed the block

method as:

Where
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Substituting 4@ and 4™ into

methodp(4) = detu_q'iu} _ 4w )
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(11) gives the characteristic polynomial of the block
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Therefore, 4, = 1,4, = A; = A,= 4. = A, = 4,0.The block method (11) by definition is

A-stable and by Henrici (1962), the block method is convergent.

4.0 Numerical Examples
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The method newly developed seven-step non-hybrid block method to solve some sample
problems as shown below

Problem 1
Vi = —29998y, — 59994y,

v3 = 9999y, + 19997y,

Exact ,(x) = (o) (29997 710%0%-19998¢ )y, (0) = 1
ya(x)= -1 +e7¥y,(0) =0
with h = 0.1

Table 1: Absolute errors of numerical solutions of problem 1 solved with the method k = 7

x (¥1) (¥2)

0.0 0.00000E+00 0.00000E+00

0.1 6.25725E-16 3.12870E-16
2.39215E-16 1.19610E-16
1.07125E-16 5.35650E-17
4.18200E-17 2.09100E-17
7.85000E-18 3.92500E-18
2.50000E-19 1.25000E-19
2.20000E-19 1.10000E-19
1.95000E-19 9.50000E-20
1.55000E-19 7.50000E-20
3.50000E-20 2.00000E-20

Problem 2

v, = —2y, +y, + 2sinx

15
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V2 = 998y, — 999y, + 999(cosx — sinx) with h = 0.1

Exact yy.,, = 2e™ + sinxy, (0) =2
¥o(x) = 2e™ 4+ cosxy,(0) =3

Table 2: Absolute errors of numerical solutions of problem 2 solved with the method k = 7

x (¥1) (¥2)
0.0 0.00000E+00 0.00000E+00
0.1 1.10722E-08 2.07278E-09
0.2 3.46033E-08 3.78904E-08
0.3 6.58280E-08 6.03810E-08
0.4 4.29188E-08 3.37453E-08
0.5 1.71001E-08 2.15657E-08
0.6 6.05325E-08 5.61850E-08
0.7 4.79938E-08 3.88298E-08
0.8 8.78740E-09 1.43422E-08
0.9 5.75325E-08 5.43710E-08
0.1 5.33985E-08 4.44273E-08

Table 3: Comparison of seven-Step Non-Hybrid Block Method BDF K =7

for Problem 1

16
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x Errorin Proposed Error in Error in

¥, (x) Method (Mohammed and (Olabode and
¥5(x) Adeniyi,2014) Yusuph,2019)
y1(%) yi(x)

6.25725E-16 3.12870E-16 0.00000E+00 -71.5647E-11
2.39215E-16 1.19610E-16 0.00000E+00 1.83983E-09
1.07125E-16 5.35650E-17 1.00000E-09 4.42400E-09
4.18200E-17 2.09100E-17 1.00000E-09 1.03587E-08
7.85000E-18 3.92500E-18 1.00000E-09 1.12999E-08
2.50000E-19 1.25000E- 19 1.00000E-09 1.46095E-08
2.20000E-19 1.10000E-19 9.99999E-10 2.05295E-08
1.95000E-19 9.50000E-20 1.00000E-09 1.95075E-08
1.55000E-19 7.50000E-20 2.00000E-09 1.08431E-08
3.50000E-20 2.00000E-20 1.00000E-09 1.54095E-08

5.0 Conclusions

Seven-step non-hybrid backward References
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